Abstract. Let C be a projective Gorenstein curve over an algebraically closed field of characteristic 0. A generalized linear system on C is a pair (I, ǫ) consisting of a torsion-free, rank-1 sheaf I on C and a map of vector spaces ǫ : V → Γ(C, I). If the system is nondegenerate on every irreducible component of C, we associate to it a 0-cycle W , its Weierstrass cycle. Then we show that for each one-parameter family of curves C t degenerating to C, and each family of linear systems (L t , ǫ t ) along C t , with L t invertible, degenerating to (I, ǫ), the corresponding Weierstrass divisors degenerate to a subscheme whose associated 0-cycle is W . We show that the limit subscheme contains always an "intrinsic" subscheme, canonically associated to (I, ǫ), but the limit itself depends on the family L t .
Introduction
The study of linear systems on complete, smooth curves is the study of the projective geometry of those curves, and thus has a long history. Notably, Severi attempted to prove what is known today as the BrillNoether theorem in his book [40] , Anhang G, Sect. 8, pp. 380-390; see [23] , Chapter 5 for an account.
The Brill-Noether theorem is a statement about linear systems on general smooth curves. Roughly speaking, Severi hoped to prove it by degenerating smooth curves to general irreducible, rational, nodal curves, keeping track of what happens to linear systems under such degeneration.
Severi did not succeed, but his ideas and efforts led to important developments in the second half of last century. There are two difficulties with Severi's argument. First, line bundles do not necessarily degenerate to line bundles. But Kleiman [24] observed that they do degenerate to torsion-free, rank-1 sheaves, which he used to overcome this first problem, and give a proof of the theorem for linear systems of rank 1. The second problem became a conjecture about secant lines of a rational normal curve in [24] , which, according to [23] , p. 243, remains as a whole undecided. But Griffiths and Harris [20] bypassed the conjecture by degenerating even further, thereby completing the proof of the theorem.
Later on, Eisenbud and Harris [9] simplified the argument by considering degenerations to irreducible, rational, cuspidal curves. Rather than restricting themselves to irreducible curves, they observed that, by means of the semistable reduction of these degenerations, the irreducible, rational curves could be replaced by special curves of compact type, called flag curves. Studying degenerations of linear systems, called limit linear series, to curves of compact type, Eisenbud and Harris were able to discover many other interesting results; see [10] .
Central to the study of linear systems is the study of their Weierstrass (or ramification) points. These are points of the curve at which at least one divisor (or nonzero section) of the linear system vanishes with multiplicity higher than the rank of the system. In Eisenbud's and Harris's theory of limit linear series, degenerations of Weierstrass points play a significant role. The so-called refined limit linear series are essentially those for which singular points are not limits of Weierstrass points; see [10] , Prop. 2.5, p. 350.
In contrast, singular points of irreducible curves, at least those with Gorenstein singularities, are always limits of Weierstrass points. Major work was done by Widland, Lax and Garcia ([18] , [31] , [32] , [33] , [41] ) in the 1980's and early 1990's to define and study Weierstrass points of linear systems on such curves. In particular, Lax showed that these Weierstrass points are the limits of the Weierstrass points of linear systems on smooth curves degenerating to the given linear system on the singular curve; see [32] , Prop. 2, p. 9.
However, as observed earlier, linear systems do not necessarily degenerate to linear systems, but rather to vector spaces of sections of torsion-free, rank-1 sheaves, which we call generalized linear systems; see Subsection 4.2. Essentially, generalized linear systems appeared before. For instance, they appeared in the theory of "r-special" subschemes developed in [24] and in the theory of "generalized divisors" developed in [22] . However, to our knowledge, Weierstrass points for these systems have never been defined nor studied.
We fill this gap in the literature as follows. Let C be a projective, possibly reducible, Gorenstein curve over an algebraically closed field of characteristic zero. Let I be a torsion-free, rank-1 sheaf on C and ǫ : V → Γ(C, I) a nonzero, injective map of vector spaces. We say that (I, ǫ) is a nondegenerate generalized linear system. Assume that (I, ǫ) is strongly nondegenerate, that is, that ǫ(v) is generically nonzero on every irreducible component of C for every nonzero v ∈ V ; see Subsection 4.2. We associate to (I, ǫ) a subscheme Z(I, ǫ) and a 0-cycle R(I, ǫ) of C; see Subsections 4.3 and 6.4. We call the first the intrinsic Weierstrass scheme and the second the Weierstrass cycle of (I, ǫ).
The 0-cycle R(I, ǫ) can be computed by adding certain contributions at the singular points of C to the 0-cycle associated to the Weierstrass divisor of the linear system induced by (I, ǫ) on the normalization of C. This is a consequence of our Theorem 5.3.
Our main result is that, if (I, ǫ) is a limit of "true" linear systems (L t , ǫ t ) along a family of curves C t degenerating to C, then the Weierstrass divisors of the linear systems (L t , ǫ t ), parameterizing weighted Weierstrass points, converge to a subscheme of C containing Z(I, ǫ) and whose associated 0-cycle is R(I, ǫ); see Theorem 8.4.
So, the 0-cycle of the limit subscheme is intrinsic to (I, ǫ). But the limit subscheme itself may depend on the degeneration; see Example 8.6. As a matter of fact, we observe that the limit depends only on the family of invertible sheaves L t degenerating to I; see Remark 8.5. The information one needs to retain from the degeneration is the map I ⊗r+1 → J to a torsion-free, rank-1 sheaf J obtained, in a sense, as the limit of the identity maps of the L ⊗r+1 t . This indicates that, as far as Weierstrass points are concerned, instead of considering moduli spaces for torsion-free, rank-1 sheavesthe compactified Jacobians of [1] , [2] , [8] , [13] , [36] or [39] , for instance -it might be necessary to consider moduli spaces of sheaves I with additional structures, so that maps like I ⊗r+1 → J are encoded. Pacini and the first author consider spaces of the type for nodal curves in [16] .
The condition that (I, ǫ) be strongly nondegenerate, instead of simply nondegenerate, is automatic if C is irreducible, but a strong condition otherwise. Indeed, it is rare that linear systems of interest, as the canonical systems, degenerate to strongly (generalized) linear systems on reducible curves; see [5] and [10] for discussions on this. Different approaches are thus necessary, as those taken in [12] and [10] or, more recently, in [37] .
We do not know whether Theorem 8.4, our main result, can be adapted to hold in positive characteristic. In fact, our current knowledge of how Weierstrass points vary in families, even of smooth curves, is very limited. Nevertheless, as usual in the theory, all of the results in the present paper hold if the characteristic of the base field is large enough, for instance, larger than the rank of the linear systems considered.
Throughout the paper we adopt a local approach, defining the relevant sections of sheaves, the Wronskians, by a patching construction. A global approach is possible, in the spirit found in [27] and [28] , by using the substitutes for the sheaves of principals parts given in [19] , [11] , [14] , [29] or [30] . For this, we refer the reader to [35] .
Here is an outline of the paper. In Section 2 we recall linear systems and Weierstrass points on smooth curves. In Section 3 we recall fundamental classes and torsion-free, rank-1 sheaves on singular curves. In Section 4 we define the Weierstrass cycle of a generalized linear system. In Section 5 we compare Weierstrass cycles using birational maps. In Section 6 we define the intrinsic Weierstrass scheme of a generalized linear system. In Section 7 we study families of torsion-free, rank-1 sheaves. Finally, in Section 8 we prove our main result, Theorem 8.4, which gives information on limits of Weierstrass divisors.
The present paper is heavily based on the second author's doctor thesis [35] . We thank Steven Kleiman for many comments and references.
2. Linear systems on smooth curves 2.1. Terminology. A curve is a projective, reduced scheme of pure dimension 1 over an algebraically closed field. The arithmetic genus of a curve C is h 1 (C, O C ). A divisor is a Cartier divisor. A cycle is a 0-cycle. A point is a closed point, unless specified otherwise.
Given a Cartier divisor D of a curve C over an algebraically closed field k, and P ∈ C, let mult P (D) denote the multiplicity of D at P ; if D is given at P by a/b, for a, b ∈ O C,P , then
where k is the base field. Let [D] denote the associated cycle, namely,
Likewise, given a coherent sheaf F on C with finite support, let mult P (F ) := dim k F P for each P ∈ C and set
If Y ⊂ C is a finite subscheme, set mult P (Y ) := mult P (O Y ) for every
Finally, for a coherent sheaf on C, its torsion subsheaf is the maximum coherent subsheaf with finite support.
2.2.
Linear systems and Weierstrass points. Let C be a curve of arithmetic genus g over an algebraically closed field k of characteristic zero. Let L be an invertible sheaf on C and ǫ : V → Γ(C, L) a map of vector spaces over k. Set d := deg L and r := dim k V − 1.
We say that (L, ǫ) is a linear system of degree d and rank r. We say that (L, ǫ) is nondegenerate if r ≥ 0 and ǫ is injective. If, moreover, for every irreducible component Y ⊆ C the composition
of ǫ with the restriction map is injective, then we say that (L, ǫ) is strongly nondegenerate.
Assume (L, ǫ) is strongly nondegenerate. Let P be a simple point of C, that is, a point on the nonsingular locus of C. We say that an integer e is an order of (L, ǫ) at P if there is a nonzero v ∈ V such that ǫ(v) vanishes at P with order e. If two sections of L have the same order at P , a certain k-linear combination of them will be zero or have higher order. Thus there are exactly r + 1 orders of (L, ǫ) at P . Putting them in increasing order we get a sequence e 0 (P ), e 1 (P ) . . . , e r (P ), called the order sequence of (L, ǫ) at P .
For each simple P ∈ C, put e(P ) := r i=0 e i (P ) − i .
We call P a Weierstrass point of (L, ǫ) if e(P ) > 0. If C is nonsingular, we call the cycle
the Weierstrass cycle of (L, ǫ). That it is indeed a cycle, that is, that there are only finitely many Weierstrass points of (L, ǫ), will be seen in Subsection 2.4. 
where c := det M. Thus the w(β, σ, µ) patch up to a section w of
over the nonsingular locus of C, well-defined up to multiplication by an element of k * . Assume C is nonsingular. Then we call w a Wronskian of (L, ǫ). The zero scheme of w is denoted by W (L, ǫ) and called the Weierstrass divisor of (L, ǫ). Though w is only defined modulo k * , the divisor
That W (L, ǫ) is indeed a divisor will be seen in Subsection 2.4. Since L has degree d and Ω 1 C has degree 2g − 2n, where n is the number of connected components of C, it follows that
a formula known as the Plücker formula.
2.4.
From divisor to cycle. Keep the setup of Subsection 2.2.
The relation between the Weierstrass cycle and divisor is simple: the cycle is that associated to the divisor. To prove this, let P be a simple point of C. Let t be a local parameter of C at P . Then t is a regular function on an open neighborhood U ⊆ C of P . Shrinking U around P if necessary, we may assume that dt generates Ω 1 U . Also, we may assume there is σ ∈ Γ(U, L) generating L| U .
There are v 0 , . . . , v r ∈ V such that ǫ(v i ) vanishes at P with order e i (P ) for i = 0, 1, . . . , r. Shrinking U around P if necessary, we may assume that there are everywhere nonzero regular functions u 0 , . . . , u r on U such that ǫ(v i )| U = u i t e i (P ) σ for each i = 0, . . . , r. Since the orders e i (P ) are distinct, it follows that β := (v 0 , . . . , v r ) is a basis of V . The Wronskian determinant w(β, σ, dt) has the form:
.
Using the multilinearity of the determinant, the product rule of derivations, and the fact that
where e(P ) = i (e i (P ) − i), and where v is a regular function on U such that u i (P ).
Since the e i (P ) are distinct, the Van der Monde determinant is nonzero. So v(P ) = 0, and hence w(β, σ, dt) vanishes at P with order e(P ). Since the above reasoning is valid for every simple point P of C, it follows that the section w of Subsection 2.3 has finitely many zeros. In particular, if C is nonsingular, then W (L, ǫ) is indeed a divisor. Furthermore, since for each P ∈ C the multiplicity of W (L, ǫ) at P is e(P ), the cycle associated to W (L, ǫ) is R(L, ǫ).
Singular curves
3.1. The fundamental class. Let C be a curve over an algebraically closed field k. Let M be the sheaf of meromorphic differentials of C. Given a point P ∈ C, we have
where K 1 , . . . , K m are the fields of functions of the irreducible components of C containing P .
Let ω C denote Rosenlicht's sheaf of regular differentials of C; see [7] , Section 5.2, p. 226. It is the subsheaf of M satisfying the following
for every f ∈ O C,P , where Q 1 , . . . , Q m are the points on the normalization of C mapping to P . From its defining property, ω C contains those meromorphic differentials arising from Kähler differentials of C. Then there is a natural map γ : Ω It follows from [7] , Thm. 3.2. Torsion-free, rank-1 sheaves. Let C be a curve of arithmetic genus g. Let I be a coherent sheaf on C. We say that I is torsion-free if the generic points of C are its only associated points. Also, I is said to be rank-1 if I is invertible on a dense open subset of C. Putting it in different words, I is torsion-free, rank-1 if it is isomorphic to a sheaf of fractional ideals, that is, a coherent subsheaf of the sheaf of rational functions which is everywhere nonzero. Invertible sheaves are torsion-free, rank-1. Conversely, torsion-free, rank-1 sheaves are invertible on the nonsingular locus of C.
Assume I is torsion-free, rank-1. The degree of I is denoted by deg I and defined by
where n is the number of connected components of C. If I is invertible, then deg I is the usual degree, by Riemann-Roch. If L is an invertible sheaf, then
Indeed, I ⊗ L is torsion-free, rank-1. Also, if P is a simple point of C, 
Thus the spectral sequence associated to the composition of functors Hom(−, ω C ) and Γ(C, −) degenerates to yield
It follows that Hom(I, ω C ) satisfies "duality properties" with respect to I. More precisely,
and h
In particular,
Equation (3.2.3) implies that the natural map
is an isomorphism. Indeed, it is an isomorphism on the nonsingular locus of C, where I is invertible, whence injective with cokernel supported on a finite set. And the cokernel is zero because its Euler characteristic is zero, since
It follows from (3.2.3) as well that
Also, if C is Gorenstein, then ω C is invertible, and thus
where the first equality follows from (3.2.1) and the natural isomor- 
such that γdf = ∂f µ for each regular funtion f on U.
We can now reason exactly as in Subsection 2.3, to obtain the zero scheme of a global section w of
Denote this zero scheme by W (L, ǫ). Since γ is an isomorphism on the nonsingular locus of C, the reasoning in Subsection 2.4 can be applied. In particular, it follows that W (L, ǫ) is a divisor. And the multiplicity of W (L, ǫ) at a simple P ∈ C is e(P ), as defined in Subsection 2.2.
We call w a Wronskian and W (L, ǫ) the Weierstrass divisor of (L, ǫ).
Since ω C has degree 2g − 2n, where n is the number of connected components of C, Plücker formula (2.3.1) holds.
4.2.
Generalized linear systems. Let C be a curve and I a torsion-free, rank-1 sheaf on C.
There is an injection I ֒→ L into an invertible sheaf L. Indeed, let O C (1) be an ample invertible sheaf on C. Then, for m sufficiently large, Hom(I, O C )(m) is generated by global sections. In particular, it has a global section which is nonzero at the (finitely many) generic points of C. This section corresponds to an injection I ֒→ O C (m). (Notice that, since C is reduced and I and L are rank-1, any injection I ֒→ L is generically an isomorphism.)
Let ǫ : V → Γ(C, I) be a map of vector spaces. Set d : = deg I and r := dim V − 1. We say that (I, ǫ) is a (generalized ) linear system of degree d and rank r. As in Subsection 2.2, we say that (I, ǫ) is nondegenerate if r ≥ 0 and ǫ is injective.
For any subcurve Y ⊆ C, that is, any reduced union of irreducible components of C, let I Y denote the restriction I| Y modulo torsion. In other words, let I Y be the image of the natural map
where ξ 1 , . . . , ξ m are the generic points of Y . We say that (I, ǫ) is strongly nondegenerate if for each irreducible component
of ǫ with the map induced by the quotient map I → I Y is injective. Let ϕ : I ֒→ L be an injection into an invertible sheaf. Let ǫ ′ be the composition
Since ϕ is generically an isomorphism, the induced linear system (L, ǫ ′ ) is (strongly) nondegenerate if and only if (I, ǫ) is.
4.3.
Weierstrass cycles. Let C be a Gorenstein curve of arithmetic genus g over an algebraically closed field of characteristic zero. Let I be a torsion-free, rank-1 sheaf on C and ǫ : V → Γ(C, I) a map of vector spaces. Assume (I, ǫ) is a strongly nondegenerate linear system. Let r denote its rank and d its degree.
Let ϕ : I ֒→ L be an injection into an invertible sheaf. Let ǫ ′ be the composition
Since ϕ is generically an isomorphism, Y is finite.
Define the Weierstrass cycle of (I, ǫ) by
By Proposition 4.5 below, the cycle R(I, ǫ) does not depend on the choice of injection ϕ. The Plücker formula holds for R(I, ǫ), that is,
where n is the number of connected components of C. Indeed, from the usual Plücker formula (2.3.1), we get Proof. Let U ⊆ C be an open dense subscheme such that I| U , L| U and M| U are trivial, and let σ, τ and υ, respectively, be sections over U generating these restrictions. Then there are regular functions a and b on U such that ϕ(σ) = aτ and ψ(σ) = bυ. Since ϕ and ψ are injections, a and b have finitely many zeros on U.
Define maps λ ′ :
Since a and b have finitely many zeros on U, the maps λ ′ and µ ′ are injective. And clearly λ ′ ϕ| U = µ ′ ψ| U . Let O C (1) be an ample sheaf on C. Since C −U is finite, there are an integer ℓ and a global section f of O C (ℓ), nonzero on every irreducible component of C, such that the open subscheme
is contained in U. Since C f is also dense in C, we may assume that U = C f ; and that ℓ = 1.
View
, which is on U the composition of λ ′ with the multiplication by f ⊗m . Then λ is an injection because λ ′ is and U is dense in C. Likewise, there are an integer n and an injection µ : M ֒→ O C (n) whose restriction to U is the composition of µ ′ with the multiplication by f ⊗n . Up to replacing m and n by max(m, n), we may assume that m = n.
Set N := O C (m). Since λ ′ ϕ| U = µ ′ ψ| U , the compositions λϕ and µψ agree on U. Since U is dense in C, they agree everywhere. Furthermore, given regular functions f, f 0 , . . . , f r on an open subscheme U of C, and a k-linear derivation ∂ of Γ(U, O C ), the multilinearity of the determinant and the product rule of derivations yield
Finally, combining (4.5.3) and (4.
Comparisons under birational maps
Also, let F be the conductor ideal of b, that is, the annihilator of Coker(b # ). Since b is birational, F is torsion-free, rank-1. Also, F is a sheaf of ideals of O C as well as of b * O C † . In other words,
We call Z the conductor scheme. Then, since b is finite,
Let M and M † be the sheaves of meromorphic differentials of C and C † , respectively. Since b is birational, there is a natural isomorphism 
Assume now that C is Gorenstein in a neighborhood of Z. We claim that R b = [Z], and thus, by (5.1.1),
The claim follows from local duality. It follows as well from global duality, as we explain now. 
where the second equality holds because ω C is invertible in a neighborhood of Z, the third because
, and the fourth by (global) duality. Furthermore, we claim that
invertible in a neighborhood of Z, and hence F ω C is the maximum subsheaf of ω C which is a sheaf
where the first equality follows from (5. 
We say that (
Theorem 5.3. Let b : C † → C be a birational map between Gorenstein curves over an algebraically closed field of characteristic zero. Let (I, ǫ) be a (generalized) linear system of rank r on C, and (I b , ǫ † ) the induced system on C † . Then each i = 0, . . . , r. Then W (L, ǫ) is defined on U by the zero scheme of
Using the multilinearity of the determinant and the product rule for derivations, we get that
But w ′ is exactly the regular function defining the Weierstrass divisor of the induced linear system (b
is a Cartier divisor of C, we have that
Thus, using (5.1.3), we get
proving (5.3.1).
We will now tackle the general case, where I is not assumed invertible. Let ϕ : I ֒→ L be an injection into an invertible sheaf L. Then ϕ induces an injection ϕ
Clearly, we have a commutative diagram of injections:
Let Y be the closed subscheme of C such that ϕ(
Thus, from the commutativity of (5.3.2),
From the definitions of the Weierstrass cycles we have:
where δ := Γ(ϕ)ǫ and δ † := Γ(ϕ † )ǫ † . Thus, using (5.3.1) and (5.3.3), we get
Remark 5.4. Formula (5.3.1), a special case of Proposition 5.3, was obtained in [18] , Prop. 1.6 , p. 4845.
The intrinsic Weierstrass scheme
Proposition 6.1. Let C be a Gorenstein curve. Let b : C † → C be a birational map of curves and F its conductor ideal. Let I be a torsionfree, rank-1 sheaf on C such that Hom(I, O C ) b is invertible. Then there are an invertible sheaf L on C and an injection ϕ : I ֒→ L such that ϕ(I) ⊇ F L.
Proof. Since Hom(I, O C )
b is invertible, for each P ∈ C there is an element s P ∈ Hom(I, O C ) P such that
Let M be the subsheaf of Hom(I, O C ) such that M P = s P O C,P for each P ∈ C. Then M is an invertible subsheaf of
(This argument appeared in the proof of [17] , Lemma 4.2, p. 5975.)
Since C is Gorenstein,
Thus, taking duals in the inclusion M ֒→ Hom(I, O C ), we obtain an injection I → Hom(M, O C ) whose image contains the image of
is the comorphism to b. Thus, the image of Hom(h
And the image of Hom(b # , O C ) is F .
6.2.
Wronskians. Let C be a Gorenstein curve over an algebraically closed field k of characteristic zero, and denote by ω C its sheaf of regular differentials. Let I be a torsion-free, rank-1 sheaf on C, and ǫ : V → Γ(C, I) be a map of vector spaces. Assume (I, ǫ) is strongly nondegenerate, and let r denote its rank. Let ϕ : I ֒→ L be an injection into an invertible sheaf L. It induces a map ϕ ⊗n : I ⊗n → L ⊗n for each integer n > 0. Since L ⊗n is torsion-free, this map factors through an injection ϕ n : I n ֒→ L ⊗n , where
We claim that w factors through
We call this section a Wronskian of (I, ǫ).
To prove the claim, observe first that we may replace ϕ by the composition λϕ, for any injection λ : L ֒→ N into any invertible sheaf N , since the composition of w with the induced map, With the trivializations taken above, a wronskian of (L, Γ(ϕ)ǫ) can be identified with
We need to show that u ∈ I r+1 . Now, if f is a regular function on U, then, by composition, f is also regular on U † ; hence h∂ † f ∈ Γ(U, F ), and in particular, h∂ † f ∈ I. Thus, all the entries of the matrix above are elements of I, and hence w ∈ I r+1 .
6.3. Zero schemes. Let C be a curve over an algebraically closed field k. Let I be a coherent sheaf on C and s a global section of I. We may view s as a map σ : O C → I. Taking duals, we obtain a map σ * : Hom(I, O C ) → O C whose image is the sheaf of ideals of a closed subscheme of C, which we denote by Z s . If s is generically nonzero, then the dual map has finite cokernel, that is, Z s is finite. We call Z s the zero scheme of s. If I is invertible, then Z s is the usual zero scheme.
Assume C is Gorenstein and I is torsion-free, rank-1. We claim that
. Let ω C be the sheaf of regular differentials of C. Since
where the first equality holds because ω C is invertible and the second by (3.2.2), we have that
Now, for any coherent sheaf G on C with finite support,
by local duality. Since any such G can be viewed as an extension of a skyscraper sheaf of length 1 by a sheaf of smaller length, and since
Finally, deg[Coker(σ)] = deg I, proving the claim.
6.4.
The intrinsic Weierstrass scheme. Keep the setup of Subsection 6.2. Since (I, ǫ) is strongly nondegenerate, a Wronskian is generically nonzero, and hence its zero scheme is a finite subscheme of C whose associated cycle has degree deg I r+1 + (r + 1)r(g − n), where I r+1 is I ⊗r+1 modulo torsion, and n is the number of connected components of C. We denote this subscheme by Z(I, ǫ) and call it the intrinsic Weierstrass scheme of (I, ǫ).
6.5. The n-th defect. Let C be a curve and I a torsion-free, rank-1 sheaf on C. Let ϕ : I ֒→ L be an injection into an invertible sheaf L. Let Y ⊂ C be the subscheme such that ϕ(
We let Y n ⊂ C be the closed subscheme defined by I n Y /C , or equivalently, by the property that ϕ
We call ∆ n (I) the n-th defect of I. Of course, the Y n are divisors and Y n = nY where I is invertible. Thus the n-th defect is supported on the singular locus of C.
Given an injection λ : L ֒→ N into an invertible sheaf N , let Z be the subscheme of C such that λ(L) = I Z/C N . Since L and N are invertible, Z is an effective divisor. Thus
The subscheme given by
. Thus, using Lemma 4.4, it follows that ∆ n (I) does not depend on the choice of injection ϕ. Proposition 6.6. Let C be a Gorenstein curve over an algebraically closed field of characteristic 0 and (I, ǫ) a strongly nondegenerate (generalized) linear system of rank r on C. Then
where the last equality follows from (6.3.1). Since
the statement follows.
7. Families 7.1. Families of curves and sheaves. Let π : C → S be a projective, flat map whose geometric fibers are curves. We call π a family of curves. Let I be a coherent sheaf on C which is flat over S, and restricts to a torsion-free, rank-1 sheaf on every geometric fiber of π. We call I a family of torsion-free, rank-1 sheaves along π. Of course, an invertible sheaf on C is a family of torsion-free, rank-1 sheaves along π. We say that I has relative degree d if the restriction of I to each geometric fiber of π has degree d. By flatness, if S is connected, then I has a relative degree. For each geometric point s of S, set I(s) := I| C(s) . Proposition 7.2. Let π : C → S be a family of Gorenstein curves, I a family of torsion-free, rank-1 sheaves along π and L an invertible sheaf on C. Then Hom(I, L) is a family of torsion-free, rank-1 sheaves along π. Furthermore, if s is a geometric point of S then the natural map Hom(I, L)(s) −→ Hom(I(s), L(s)) is an isomorphism. Also, if I has relative degree d and L has relative degree e, then Hom(I, L) has relative degree e − d.
Proof. As pointed out in Subsection 3.2, namely (3.2.2),
for every geometric point s of S, where ω C(s) is the sheaf of regular differentails of C(s). Since C(s) is Gorenstein, ω C(s) is invertible, and thus
, Thm. 1.10, p. 61. It follows now from [2] , Thm. 1.9, p. 59, that Hom(I, L) is flat over S and the natural map
is an isomorphism for every geometric point s of S. Thus Hom(I, L) is a family of torsion-free, rank-1 sheaves along π. Finally, since
the last statement of the proposition follows from the isomorphism (7.2.1) and Equations (3.2.1) and (3.2.4).
7.3.
Zero schemes, II. Let π : C → S be a family of Gorenstein curves. Let I be a family of torsion-free, rank-1 sheaves of relative degree d along f , and s a global section of I. As in Subsection 6.3, the section s corresponds to a map σ : O C → I. The image of its dual, σ * : Hom(I, O C ) → O C , is a sheaf of ideals of a closed subscheme of C, which we denote by Z s . It follows from Proposition 7.2 that the formation of Z s commutes with base change. So, if s is nonzero at every generic point of every geometric fiber of π, then σ * is injective with S-flat cokernel; in other words, Z s is flat over S of relative length d. Proposition 7.5. Let S be the spectrum of a discrete valuation ring with infinite residue field. Let π : C → S be a family of Gorenstein curves and I a family of torsion-free, rank-1 sheaves along π. If the restriction of I to the generic fiber of π is invertible, then the n-th defect of the restriction of I to each geometric fiber of π is nonnegative, for each integer n > 0.
Proof. Let u be the generic point and s the special point of S. Of course, since I is invertible on C(u), the restriction of I to any field extension of C(u) has defect 0. By Lemma 7.4, there is an injection ϕ : I → L with S-flat cokernel into an invertible sheaf L. Let Y ⊂ C be the closed subscheme such that
For each integer n > 0 consider the induced map ϕ ⊗n : I ⊗n → L ⊗n . Since S is the spectrum of a discrete valuation ring, there is a surjection ρ : L ⊗n → H onto an S-flat coherent sheaf H such that
is a complex which is exact on C(u). Let Z ⊂ C be the closed subscheme such that I Z/C L ⊗n = Ker(ρ). Since ϕ(s) is generically bijective, Z is finite over S. Also, since H is S-flat, so is Z.
Notice that, since (7.5.2) is exact on C(u) and I(u) is invertible, Y (u) and Z(u) are divisors satisfying Z(u) = nY (u). It follows from [15] is the closed subscheme of C(t) satisfying
(Equivalently, the sheaf of ideals of
8. Degenerations of linear systems 8.1. Families of linear systems. Let π : C → S be a family of curves. Let I be a family of torsion-free, rank-1 sheaves along π of relative degree d. Let V be a locally free sheaf of constant rank r + 1 on S, for a certain integer r, and ǫ : V → π * I a map. We say that (I, ǫ) is a family of (generalized) linear systems of degree d and rank r along π. The terminology is justified because for each geometric point s of S the composition
gives rise to a (generalized) linear system of degree d and rank r on the fiber C(s), where the second map is the base-change map. We call (I(s), ǫ s ) the induced (generalized) linear system on C(s). We say that (I, ǫ) is (strongly) nondegenerate if the induced linear system on every geometric fiber of π is (strongly) nondegenerate.
8.2.
The relative fundamental class. Let π : C → S be a family of curves. Let γ : Ω 1 C/S → ω C/S be a map to a coherent S-flat sheaf ω C/S whose restriction to every geometric fiber is the fundamental class of that fiber. More precisely, γ is assumed such that, for every geometric point s of S, there is a commutative diagram of maps
where the vertical maps are isomorphisms, the left one canonical, and the bottom map is the fundamental class of C(s). We call such a map a relative fundamental class of C/S. According to [4] , Thm. III.1, p. 81, there is a map γ : Ω 1 C/S → ω C/S , the unique one satisfying a certain trace property. Actually, the target of the map in loc. cit. is a complex, the relative dualizing complex. However, in our case the dualizing complex can be replaced by a single sheaf; see [7] , Thm. 3.5.1, p. 155. The trace property, [4] , Def. II.3, p. 79, asserts a certain compatibility between γ and the trace map
X/S for the sheaf of regular differentials Ω 1 X/S of a smooth family of curves X/S, if there is a finite and flat S-map h : C → X. The analogous compatibility condition holds when one restricts to a geometric fiber, by [4] , Propriété 1, p. 78. This compatibility condition is also satisfied by the fundamental class of each geometric fiber; at least, this is shown for irreducible curves in [25] , Satz 5.6, p. 105. Finally, [4] , Prop. II.3.1, p. 79, asserts that the trace property is satisfied by a unique map, thus showing that γ restricts to the fundamental class on each geometric fiber.
Alternatively, it is shown in [26] , Thm. 5.26, p. 112, that a map γ : Ω 1 C/S → ω C/S exists if S has no embedded points and can be covered by affine open subschemes whose rings of functions are Noetherian, universally Japanese and universally catenary. There is not a clear statement in [26] to the effect that γ restricts to the fundamental class on each geometric fiber, though Cor. 5.29, p. 116 and Prop. 4.36, p. 89 should imply this, at least if the geometric fibers of π are irreducible.
Also, if the geometric fibers of C/S are locally complete intersections, then the existence of a map γ : Ω 1 C/S → ω C/S was pointed out in [11] . Again, it is not shown in [11] that γ restricts to the fundamental class on each geometric fiber. This can be derived from the fact that the construction given to γ commutes with base change, and from [34] , Cor. 13.7, p. 114, though the latter is stated only for irreducible curves.
Finally, a map γ : Ω 1 C/S → ω C/S is constructed in [3] without hypotheses on the basis S or on the fibers of π. Again, it is not clearly stated whether this γ restricts to the fundamental class on every geometric fiber of f , but [3] is a work in progress.
Since ω C/S restricts to the sheaf of regular differentials on each geometric fiber, it follows that ω C/S is a family of torsion-free, rank-1 sheaves along π. Furthermore, if the geometric fibers of π are Gorenstein, then ω C/S is invertible.
8.3. Weierstrass schemes. Let π : C → S be a family of Gorenstein curves. Let L be an invertible sheaf on C, and ǫ : V → f * L a map from a locally free sheaf V of constant rank r + 1, for a certain integer r. Let γ : Ω 1 C/S → ω C/S be a relative fundamental class.
We can associate to (L, ǫ) a global section w(L, ǫ) of
which we will call the Wronskian of (L, ǫ). Its zero scheme will be called the Weierstrass scheme of (L, ǫ).
The Wronksian is constructed in a way similar to that of the Weierstrass divisor of Subsection 2.3, as follows. Cover S by open subschemes U such that V| U is trivial, and for each such U cover π Form the wronskian determinant:
As in Subsection 2.3, the multilinearity of the determinant and the product rule of derivations imply that the w(β, σ, µ) patch to a global section w(L, ǫ) of the sheaf (8.3.1). It is also clear from the above description that the Wronskian of w(L, ǫ) restricts to a Wronskian of (L(s), ǫ s ) for each geometric point s of S, once isomorphisms r+1 V(s)
are chosen, the latter such that its composition with γ(s) is the fundamental class of C(s). It follows that the Weierstrass scheme of (L, ǫ) is a relative Cartier divisor over S, restricting to the Weierstrass divisor of (L(s), ǫ s ) for each geometric point s of S, if (L, ǫ) is strongly nondegenerate.
Furthermore, functoriality holds for w(L, ǫ): If ϕ : L → M is a map to an invertible sheaf M, and ǫ ′ := (π * ϕ)ǫ, then
where 1 is the identity map of ω
Theorem 8.4. Let S be the spectrum of a discrete valuation ring with algebraically closed residue field of characteristic zero. Let s and u be its special and generic points, respectively. Let π : C → S be a family of Gorenstein curves and (I, ǫ) a family of strongly nondegenerate (generalized) linear systems along π. Assume that I(u) is invertible, and let W ⊂ C be the schematic closure of the Weierstrass scheme of the linear system (I(u), ǫ u ) induced on C(u). Then W (s) is a finite subscheme containing the intrinsic Weierstrass scheme Z(I(s), ǫ s ) and whose associated cycle is R(I(s), ǫ s ).
Proof. By Lemma 7.4 there is an injection ϕ : It can be shown, using a relative version of Lemma 4.4 that J and ψ do not depend on the choice of ϕ, but only on the family I. So W (s) depends only on I. As Example 8.6 below shows, W (s) does not depend only on I(s) and ǫ s .
Example 8.6. Let C be an irreducible plane curve of degree e defined over an algebraically closed field k of characteristic zero. Let d be a positive integer smaller than e. For each P ∈ C, let V P be the vector subspace of Γ(C, O C (d)) generated by the degree-d plane curves passing through P . Then V P ⊆ Γ(C, I P/C (d)). Let (I P/C (d), ǫ P ) be the corresponding (generalized) linear system, where ǫ P : V P → Γ(C, I P/C (d)) denotes the inclusion. This system is (strongly) nondegenerate because d < e. If P is on the nonsingular locus of C, denote by W (C, P ) ⊆ C the Weierstrass scheme of (I P/C (d), ǫ P ).
For a very simple example, let C be the nodal cubic, given by the equation f (x, y, z) = 0, where f (x, y, z) := y 2 z − x 2 z − x 3 .
Assume d = 1. Let Q be the node of C, given by x = y = 0. Then V Q is generated by x and y. Furthermore, all a and b are possible. Indeed, consider first the family of pointed curves (C t , P t ), where P t is given by x = 0 and y = tz, and C t is given by
For t close to zero, but nonzero, P t is a nonsingular point of C t . The limit of W (C t , P t ) can be computed to be W (1, 0). Finally, consider another family of pointed curves (C t , P t ), where P t is given by x = tz and y = 2ctz, for a fixed element c ∈ k, and where C t is given by
Again, for t close to zero, but nonzero, P t is a nonsingular point of C t . The limit of W (C t , P t ) can be computed to be W (c, 1). The computations were done using CoCoA [6] .
